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Abstract: A nonlocal fractional model of Brinkman type fluid (BTF) containing a hybrid nanostructure
was examined. The magnetohydrodynamic (MHD) flow of the hybrid nanofluid was studied using
the fractional calculus approach. Hybridized silver (Ag) and Titanium dioxide (TiO2) nanoparticles
were dissolved in base fluid water (H2O) to form a hybrid nanofluid. The MHD free convection flow
of the nanofluid (Ag-TiO2-H2O) was considered in a microchannel (flow with a bounded domain).
The BTF model was generalized using a nonlocal Caputo-Fabrizio fractional operator (CFFO) without
a singular kernel of order α with effective thermophysical properties. The governing equations of the
model were subjected to physical initial and boundary conditions. The exact solutions for the nonlocal
fractional model without a singular kernel were developed via the fractional Laplace transform
technique. The fractional solutions were reduced to local solutions by limiting α→ 1 . To understand
the rheological behavior of the fluid, the obtained solutions were numerically computed and plotted
on various graphs. Finally, the influence of pertinent parameters was physically studied. It was
found that the solutions were general, reliable, realistic and fixable. For the fractional parameter,
the velocity and temperature profiles showed a decreasing trend for a constant time. By setting the
values of the fractional parameter, excellent agreement between the theoretical and experimental
results could be attained.
Keywords: hybrid nanofluid; heat generation; nonlocal fractional BFT model; Caputo-Fabrizio
fractional derivative; MHD flow
1. Introduction
In thermal transport systems, the poor thermophysical properties of various working fluids can
be improved by the addition of nanometer-sized particles. This technique leads to an improvement in
the thermal conductivity of the working fluid, making it more reliable and long-lasting. The resulting
new class of fluids refers to nanofluids with a broad range of applications in different fields of science
and engineering, including nuclear reactors, solar panels, heat exchangers, biological and chemical
instruments, and automobile radiators [1–6]. When the nanofluid is used in automobile radiators,
the fluid consumption was reduced by more than 5% [7]. Originally, the idea of nanofluids was
presented by Choi and Eastman in 1995 [8]. Mohain et al. [9], in their review paper part I, presented the
fundamental concept and discussed recent innovations in order to facilitate comprehension of the
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modeling of nanofluids. In this paper, they focused on recent advancements in the literature, with a
detailed explanation of the thermophysical properties, modeling and simulation of heat transport in
the flow of nanofluids. Furthermore, they highlighted the main challenges which still exist in this
field. In the part II of their paper, Mahain et al. [10] emphasized 2D and 3D modeling in a wide
range of geometries with different numerical approaches. Finally, they provided a detailed list of
applications for nanofluids in different fields of science and engineering, with useful future directions
and suggestions.
Nanofluids have received a great deal of attention from researchers due to their enhanced heat
transport properties. But this should not be their only application; viscosity also plays a vital role in the
efficiency of nanofluids in the convection processes. Vallejo et al. [11] studied the rheological behavior
of a graphene nanofluid by means of a rotational rheometer. They found that the nanofluid behaved as
a non-Newtonian shear thinning liquid at a specific temperature and with a specific ratio of water and
propylene glycol. In another paper, Vallejo et al. [12] investigated the the rheological properties of
six carbon-based nonliquids. An ethylene glycol-based Si3N4 nanofluid was experimentally studied
by Żyła et al. [13]. They found that in the UV region, the absorption of the nanofluid increased by
increasing the volume concentration of the nanoparticles. Fal [14,15], Murshed [16] and Estellé [17]
have also contributed to the literature of nanofluids. Nanofluids have been widely studied in by the
research community and which has led to numerous achievements. Nanofluids have been classified in
many classes, in which the most lately is hybrid nanofluids [18]. Hybrid nanofluids are the mixture of
two unlike nanoparticles in the base fluid. The primary incentive of hybrid nanofluid is to additionally
improve thermal characteristics of nanofluids. In coaction to this Izadi et al. [19] studied variable
heat transfer of hybrid nanofluid under the impact of external magnetic field. The advanced heat
transfer in non-Newtonian hybrid nanofluid together with entropy generation was analyzed by
Shahsavar et al. [20]. The convective flow of hybrid nanofluid inside a cavity along with entropy
generation was studied by Hussain et al. [20]. Furthermore, Farooq et al. [21] investigated entropy
generation in the flow of hybrid nanofluid over nonlinear stretching surface.
In 2018, the concept of fractional derivatives was 323 years old. But over the last 55 years,
i.e., since the work of Caputo [22] in 1967, this field has received considerable attention from researchers.
Caputo was the first mathematician to develop the fractional operator by using Laplace convolutions
production of power-law functions and fractional derivatives. This was the first fractional operator to
fix the problem of the Riemann–Liouville fractional operator (RLFO), i.e., the problem of atypical initial
conditions with no real meaning which are complicated to handle. In the literature, the Caputo fractional
operator (CFO) and RLFO are widely used in various fields of science [23,24]; however, the kernel of
these fractional operators is singular at t = τ, which leads to some erroneous results. Fractional Calculus
was further developed, and in 2015, Caputo and Fabrizio presented the Caputo-Fabrizio fractional
operator (CFFO) with a nonsingular exponential kernel. [25]. This new fractional operator has been
successfully employed in a variety of real situations. Among them, Ali et al. [26] applied CFFO to the
mixed convection flow of a viscoelastic fluid near an infinite vertical parallel plate. Sheikh et al. [27]
employed CFFO to study magneto-hydrodynamic (MHD) convective flow through an infinitely flat
plate. Zafar and Fetecau [28] used CFFO and present new solutions for the flow of a viscous fluid near a
static vertical plate. Hristov [29] dedicated a chapter to CFFO. He claimed that CFFO naturally appears
in the diffusion equation as the relaxation term when the constitutive equation relating the flux and the
gradient contains either the Jeffrey kernel or the Cattaneo exponential kernel. Atangana and Koca [30]
analyzed a nonlinear Baggs and Freedman using Caputo-Fabrizio fractional derivative with special
solutions using an iterative method. However, CFFO has also been criticized by the research community.
The main concerns about it were: (1) The solution of CFDat g(y, t) = −a g(y, t) is an exponential equation,
not an exponential function; (2) The kernel CFFO is nonsingular but local; and (3) CFFO is the
average of the function and its integral, not a fractional operator. To address this shortcoming,
Atangana and Baleanu came up with new approach by introducing the Atanagana-Baleanu fractional
operator (ABFO). The kernel of ABFO is a nonlocal and nonsingular Mittag-Leffler function [31].
Symmetry 2020, 12, 663 3 of 19
This new operator satisfies all the properties of a fractional derivate except index law. Caputo and
Fabrizio [32] responded that the definition presented in [25] satisfied all the general properties of
fractional derivatives including nonlocality. Recently, Hristov [33] demonstrated the viscoelastic
response functions and their relationship with the Caputo-Fabrizio fractional derivative, and addressed
the criticism of [25]. The response of Caputo and Fabrizio and Hristov was appreciated by many
researchers, and has been widely accepted. Hence, presently, both ABFO and CFFO are in practice.
To the best of the authors’ knowledge, no study has been published on nonlocal Brinkman-type
hybrid nanofluids in a microchannel. Therefore, there is a need to fill this gap by studying hybrid
nanofluids with a nonlocal fractional derivative. Hence, this article seeks to combine the idea of
nonlocal fractional derivatives and hybrid nanofluids. For this purpose, a nonlocal Brinkman type
fluid model with the thermophysical properties of a hybrid nanofluid was developed. The exact
solutions for the model were obtained via the Laplace transform technique. The influence of various
flow parameters was studied through numerical computation and graphical representation.
2. Description of the Problem
Assume that MHD natural convection flow occurs in the microchannel of a generalized,
electrically conductive Ag−TiO2 −H2O hybrid nanofluid. In the length, the microchannel is considered
infinite with width d. The channel is parallel to the x−axis where the y−axis is perpendicular to it. It is
assumed that at t ≤ 0, the system is at rest at room temperature, T0. After t = 0+, the temperature
rises from T0 to TW . The natural convection occurs because of the temperature gradient that increases
the buoyancy forces. Hence, fluid accelerates in the x−direction. A magnetic field of magnitude B0
employed transversely to the flow direction is represented in Figure 1.
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Figure 1. Configuration of microchannel and coordinates system.
The flow of t conductive Ag−TiO2 −H2O hybrid nanofluid un ergoes electromotive
force, which produces current. The induced magnetic field is disregarded due to the assumption of
a very small Reynold number. The electromagnetic force hinges on the intensity of electric flux [34].
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The proposed problem is governed by momentum, energy and the Maxwell set of equations, which are
as follows:
∇.B = 0,
∇× E = −∂B∂t ,
∇×B = µ0J,
, (1)
where B, µ0, E and J are the magnetic flux intensity, magnetic permeability, electric field intensity and
the current density, respectively. The boldface represents vectors. The relation between the Maxwell
equation and generalized Ohm’s law is given by
J = σ0[E + V×B] (2)
where σ0 and V are the electrical conductivity and the velocity field, respectively. The electromagnetic
force is given by
Fem = J×B = σ0[E + V×B] ×B = −σB20u(r, t)i (3)
where i is a unit vector in the x−direction and V = (u(r, t)i, 0, 0) is the velocity component of the
hybrid nanofluid. The electromagnetic force Fem is incorporated into the momentum equation of the
natural convection flow of an incompressible Ag− TiO2 −H2O hybrid nanofluid in the absence of a


















+ Q0(T − T0), (5)
subject to the given initial and natural convections and isothermal boundary conditions
u(y, 0) = 0, T(y, 0) = T0, ∀ y ≥ 0, (6)
u(0, t) = 0, T(0, t) = T0, For t > 0,
u(d, t) = 0, T(d, t) = TW , For t > 0,
}
, (7)





, T(y, t) and khn f are the density, velocity,
Brinkmann parameter, dynamic viscosity, electrical conductivity, magnetic field, thermal expansion,
specific heat, temperature and thermal conductivity, respectively.
3. Thermophysical Properties of Hybrid Nanofluid
This section presents the thermophysical properties of conventional and hybrid nanofluids.
The mathematical expressions for the effective thermophysical properties of conventional nanofluids
are abundantly used in the literature.
The mathematical expression for density was developed by Aminossadati and Ghasemi [36].
Brinkman [37] introduced the formula for calculating the effective dynamic viscosity of conventional
nanofluids. Bourantas and Loukopoulos [38] developed mathematical expressions for volumetric
thermal expansion and heat capacitance. The expression for thermal and electrical conductivities was
presented by Maxwell [39,40]. To study the rheological behavior of nanofluids, Tiwari and Das [41] used
these expressions. But to develop mathematical expressions to determine the thermophysical properties
of a hybrid nanofluid was a challenging task, as hybrid nanofluids are a physical combination of two or
more dissimilar nanoparticles in a single base fluid. The main objective of formulating hybrid nanofluids
is to enhance the thermophysical properties. In many papers, different mathematical expressions have
been suggested, but were not acceptable to all because, with φAg = 0 or φTiO2 = 0, the expressions were
not reduceable, especially those regarding electrical and thermal conductivity [42]. In this manuscript,
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a hybrid nanofluid is characterized by Ag, TiO2 and H2O with φhn f , i.e., with a volume concentration
of hybrid nanoparticles such that φhn f = φAg +φTiO2 . The Tiwari and Das model was modified here for
the hybrid nanofluid. It is worth mentioning that by making φAg = 0 or φTiO2 = 0, the modified model
can be successfully reduced to nanofluid expressions. The numerical values of the thermophysical
properties of the nanoparticles and base fluid are presented in Table 1, and the expression can be found
in Table 2 [21,43,44].









Cp(J/kg K) 4179 6862 235
K(W/m K) 0.613 8.9538 429
βT × 10−5(K−1) 21 0.9 1.89
σ 0.05 1× 10−12 3.60× 107
Pr 6.2 - -
Table 2. Expressions of nanofluid and hybrid nanofluid [42].
Thermophysical
Properties Nanofluid Hybrid Nanofluid




ρ f + φAgρAg + φTiO2ρTiO2 ,
Dynamic viscosity µn f =
µ f
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4. Problem Solutions and Dimensionless Analysis
This section presents the solutions of the proposed problem using the Laplace transform method.































+ Qθ(ξ, τ), (9)
v(ξ, 0) = 0, θ(ξ, 0) = 0, ∀ ξ ≥ 0, (10)
v(0, τ) = 0, θ(0, τ) = 0, for τ > 0,
v(1, τ) = 0, θ(1, τ) = 1, for t > 0,
}
, (11)











(TW − T0), Pr =
(µCp) f
k f
, Q = d
2Q0
k f







a0 = (1−φ) +
φAl2O3ρAl2O3+φCuρCu
ρ f




)}2.5 , a3 = (1−φ) + φAl2O3 (ρβt)Al2O3+φCu(ρβT)Cu(ρβT) f ,




are the Brinkman parameter, magnetic parameter, thermal Grashof number Prandtl number and heat
generation parameter, respectively. λhn f , a0, a1, a2, a3 and a4 are the constants terms. The time-fractional
















a3PrCFDτβθ(ξ, τ) = λhn f
∂2θ(ξ, τ)
∂ξ2
+ Qθ(ξ, τ), (13)
where CFDταv(ξ, τ) and CFDταθ(ξ, τ) are CFFO operators defined by [25]:













dτ ; 0 < δ < 1, (14)
such that
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4.1. Solutions of the Energy Equation
Applying the Laplace transform to Equation (13) using Equations (14)–(17) and the corresponding
initial condition from Equation (10) yields
a4Pr
qθ(ξ, q) − θ(ξ, 0)




+ Qθ(ξ, q); 0 < α < 1. (18)

















, b4 = b0b2 − b3.
The boundary conditions in the Laplace transform domain are given by
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v(0, q) = 0, θ(0, q)
= 0, for q > 0,
v(1, q) = 0, θ(1, q)
= 1q , for q > 0,
, (20)
The exact solution of Equation (19) in the Laplace transform domain using the boundary conditions















; 0 < α < 1. (21)















; 0 < α < 1. (22)
Consider





















q+b1 ; 0 < α < 1. (25)
To derive the functions θ1(ξ, τ) and θ2(ξ, τ), function Φ(ξ, q) is taken in the following form:







The compound formula for the inversion of Laplace transform is used, yielding:







f ((1 + 2n− ξ), u)g(u, τ)dτ, (27)
where
f ((1 + 2n− ξ), u) =















p = −b1(b3 + b4)
Incorporating Equations (28) and (29) into Equation (26) yields:
Φ(ξ, τ) = e−(1+2n−ξ)
√
b4δ(τ) −
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Finally, the solution of the temperature profile is obtained as:
θ(ξ, τ) = θ1(ξ, τ) − θ2(ξ, τ) , 0 < α < 1, (33)
Equation (33) represents the solution of the energy equation for fractional order 0 < α < 1.
To obtain the solution of the energy equation for α = 1, lim
α→1
is applied to Equation (15), which yields:
d2θ(ξ, q)
∂ξ2
− (b2q + b2)θ(ξ, q) = 0; α = 1 (34)










, α = 1. (35)
















;α = 1. (36)
Upon inverting the Laplace transform, Equation (36) gives



































































4.2. Solution of Momentum Equation
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, b11 = b5βb + M0, b12 = b2 − b5
Equation (42) is further simplified as:

































































Then, Equation (43) takes the following form:
v(ξ, q) = v1(q) ×
{




v4(ξ, q) − v5(ξ, q)
}
; 0 < α, β < 1. (49)
Taking the inverse Laplace transform Equation (49) yields:
v(ξ, τ) = v1(τ) ∗
{




v4(ξ, τ) − v5(ξ, τ)
}
; 0 < α, β < 1, (50)
where * represents the convolution product, and the terms v1(τ) v2(ξ, τ), v3(ξ, τ), v4(ξ, τ) and v5(ξ, τ)
are defined as
v1(ξ, τ) = b11(b1 − b12)e−b12τ (51)
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The inverse Laplace transform of Equation (57) is obtained as











































































































































































































5. Results and Discussion
The Ag − TiO2 −H2O hybrid nanofluid was characterized by fractional rheological analysis.
The Brinkman type fluid model with buoyancy and magnetic body forces was considered with a
partially coupled energy equation and heat generation. To analyze the rheological behavior of the
hybrid nanofluid, the fractional model was solved via the Laplace transform technique. The fractional
solutions of the velocity and temperature profiles in terms of CFFO are presented in numerous graphs
and discussed. The effects of α, φhn f , Q, βb, M and Gr on velocity and temperature distributions are
also explored.
The effect of α on the velocity and temperature profiles is displayed in Figures 2 and 3.
It may be seen that the velocity and temperature profiles caused significantly variation of α.
Furthermore, was observed that increasing values of α leads to a reduction in the velocity and
temperature profiles due to a decrease in momentum and thermal and boundary layers. At α = 1, the
thermal and momentum boundary layers were the thinnest. At this point, the temperature and velocity
became minimum. This trend indicates that fractional results are more flexible and have a memory
effect. Agreement could be established among theoretical and experimental data by setting the values
of α in the manner established by Markis et al. [45] while studying Maxwell fluid. Azhar et al. [46]
reported the same trend of the fractional parameter for a conventional nanofluid near a vertical plate
via CFFO and integral transform.
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Figures 4 and 5 present th impact ofφhn f on the temperature and velocity profiles. The t mperature
profil shows an increasing trend with increasing values of φhn f . It is evident from Table 2 that larger
values of φhn f enhance the capability of hybrid nanofluid to absorb more heat. However, the effect of
φhn f on the velocity profile is the opposite. From Table 2, it can be observed that when φhn f is increased,
it leads to an increase in density and viscosity, and a decrease in velocity. The same trend for φhn f was
reported by Farooq et al. [21]. It must be remembered that this effect is true when the temperature of
the fluid is between 0 ◦C and 180 ◦C.
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A comparison of the te perature and velocity profiles for H2O (regular fluid), TiO2 −H2O
(nanofluid), Ag −H2O (nanofluid) and Ag − TiO2 −H2O (hybrid nanofluid) is made in Figures 6
and 7. As Ag is a good conductor, the Ag −H2O nanofluid had the highest and water the lowest
temperature profile among the fluids under consideration. The main aim here is to increase the heat
transport capacity of the TiO2 −H2O nonfluid, as TiO2 is a semiconductor. Ag transfers free electrons
to TiO2, and consequently, the thermal conductivity of Ag− TiO2 −H2O improves the heat transfer.
The heat transfer in Ag− TiO2 −H2O is higher than those of TiO2 −H2O and water. On the other hand,
the density of the nanofluid is a dominant factor that plays a role in the velocity profile. The densities
of the base fluid and nanoparticles are presented in Table 1. Based on the differences in densities,
the velocity of H2O is highest, followed by TiO2 −H2O, Ag− TiO2 −H2O and Ag−H2O. In this case,
the effective density dominates the effective thermal conductivity as a result of pure water showing
high velocity. In other words, by adding nanoparticles to the base fluid, the resulting nanofluid and
hybrid nanofluids become denser which decreases their velocity [45–50].
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To study the impact of Q on the temperature and velocity profiles, Figures 8 and 9 were plotted.
The trend of Q is very straight forward. When Q increases, the system produces more heat, due to
which the temperature and velocity distributions increase. The effect of βb on the velocity profile is
summarized in Figure 10. An increase in βb decreases the fluid velocity beca se of higher values of
βb strengthening the drag forces, wh ch en s to decrease t e velocity profile. A sim lar effect was
reported by Jan et al. [35].Symmetry 2020, 12, x FOR PEER REVIEW 8 of 23 
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The effect of M is displayed in Figure 11; it indicates that the velocity decreases with a higher
value of M. Greater values of M relate to greater resistive type forces, called Lorentz forces, which are
like drag forces. For this reason, the velocity was reduced. Figure 12 reveals the influence of Gr on the
velocity profile. It is seen that the velocity accelerated with higher Gr. The higher Gr is connected to
greater buoyancy forces which increas the natural convection; hen e, the velocity increases in speed:
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6. Conclusions 
This article studied the rheological behavior of a 2 2Ag T iO H O− − hybrid nanofluid. The flow 
of the nanofluid was considered in a microchannel. The MHD and heat generation effects were also 
taken into consideration. The local flow model was converted to a fractional model using CFFO. The 
exact solutions were obtained using the Laplace transform method. The exact solutions for the 
temperature and velocity e profiles were simulated and presented in various graphs with a physical 
explanation. It was concluded that the temperature and velocity fields showed an increasing trend 
with increasing values of Q  and G r . However, a decreasing trend was found for increasing values 
of α , a n db Mβ . In contrast, for hnfφ , the temperature and velocity profiles showed the opposite 
behavior. 
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6. Conclusion
This article studied the rheological behavior of a g Ti 2 −H2O hybrid nanofluid. The flow of
the nanofluid was considered in a microchannel. The MHD and heat generation effects ere also taken
into consideration. The local flow model was converted to a fractional model using CFFO. The exact
solutions were obtained using the Laplace transform method. The exact solutions for the temperature
and velocity e profiles were simulated and presented in various graphs with a physical explanation.
It was concluded that the temperature and velocity fields showed an increasing trend with increasing
values of Q and Gr. However, a decreasing trend was found for increasing values of α, βb and M.
In contrast, for φhn f , the temperature and velocity profiles showed the opposite behavior.
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12. Vallejo, J.P.; Żyła, G.; Fernández-Seara, J.; Lugo, L. Influence of Six Carbon-Based Nanomaterials on the
Rheological Properties of Nanofluids. Nanomaterials 2019, 9, 146. [CrossRef] [PubMed]
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